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B. D. Acharya has conjectured that if
(




mutation of all nonempty subsets of a set X with at least two elements such
that for each even positive integer j < 2|X| − 1, Aj−1△Aj△Aj+1 = ∅, then
|X| = 2. In this article, we show that if the cardinality of a set X is more
than four, then a permutation as described above indeed exists.
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Throughout this article, G is the group defined on {0, 1}. Let n be any positive
integer. We denote the identity of Gn usually by 0 and sometimes by zn to avoid
ambiguity. Let Fn be the set of all nonzero elements in Gn; when n 6= 1, a per-
mutation (vi : i = 1, 2, . . . , 2
n − 1) of Fn is called ternary if for each i ∈ {2, 4, . . . ,
2n−2}, vi−1+vi+vi+1 = 0; when such a permutation exists, G
n is called sequentially
ternary. In this article, elements in Gn are represented by strings of ‘symbols’ where
each symbol is an element in a power of G. For example, if α = 01 and β = 10,
then 1α0β is the element (1, 0, 1, 0, 1, 0) in G6.
In [1], B. D. Acharya has observed that G3 is not sequentially ternary and con-
jectured that if n is an integer which is larger than 2, then Gn is not sequentially
ternary. This article is an outcome of settling this conjecture. For basic group
theoretic results needed in this connection, we rely on [2].
Proposition 1. For any integer n > 2, if Gn is sequentially ternary, then Gn+2 is
also sequentially ternary.
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ai =
{













01, if i ≡ 1 (mod 4);
11, if i ≡ 3 (mod 4);
10, otherwise.
It is easy to see that
(1) for each i ∈ {1, 2, . . . , k} the strings ai, bi, ci and di are distinct and
(2) for each i ∈ {2, 4, . . . , k − 1},
ai−1 + ai + ai+1 = bi−1 + bi + bi+1 = ci−1 + ci + ci+1 = di−1 + di + di+1 = z2.
Let
(
vi : i = 1, . . . , k
)





in Fn+2 as described below.
For each i ∈ {1, 2, . . . , k}, wi = vk−i+1ak−i+1 and wk+1 = zn10.
For each i ∈ {k + 2, k + 3, . . . , 2k − 1}, wi = vi−k−1bi−k−1.
w2k = vkbk, w2k+1 = vk−1bk−1, w2k+2 = zn11, w2k+3 = vk−1ck−1 and
w2k+4 = vkck.
For each i ∈ {2k + 5, 2k + 6, . . . , 3k}, wi = v3k+3−ic3k+3−i.
w3k+1 = v1c1, w3k+2 = v2c2, w3k+3 = zn01, w3k+4 = v2d2 and w3k+5 = v1d1.
For each i ∈ {3k + 6, 3k + 7, . . . , 4k + 3}, wi = vi−3k−3di−3k−3.
It can be verified that {wi : i = 1, 2, . . . , 4k + 3} = {viai, vibi, vici, vidi : i = 1, . . . ,






the definition of this sequence we have the following.
wk + wk+1 + wk+2 = v1a1 + zn10 + v1b1;
w2k+1 + w2k+2 + w2k+3 = vk−1bk−1 + zn11 + vk−1ck−1;
and w3k+2 + w3k+3 + w3k+4 = v2c2 + zn01 + v2d2.
It is easy to see that for each of the above three equations, its right side is zero;
therefore for all i ∈ {k + 1, 2k + 2, 3k + 3}, wi−1 + wi + wi+1 = 0; by using (2) it
can be easily verified that for each i ∈ {2, 4, 6, . . . , 4k + 2} \ {k + 1, 2k + 2, 3k + 3}
also, the just mentioned equality holds. Therefore, the permutation
(
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Remark 2. Figure 1 illustrates the method described by Proposition 1 for n = 5.
It can be verified that the sequence of strings of length 5 which is displayed in this
figure—for each k ∈ {1, . . . , 31}, k-th string is labelled by v0k or vk and treating each
string as a binary number, its value in the decimal form is written on its right—is
a ternary permutation of F5. The ordering of the other two sequences in the figure
are indicated by directed lines. (Note that v31b31, v31c31, v01c01 and v01d01 appear
in between v29b29 and v30b30, v30c30 and v29c29, v03c03 and v02c02, and v02d02 and
v03d03 respectively.) The ternary permutation of F
7 thus obtained is represented
by a sequence of decimal numbers. (The even numbered terms of the sequence are
italicized.)
Let n be an integer which exceeds 1. Let u be any element in Fn. It is easy to see
that Gn can be partitioned into 2n−1 pairs such that sum of the elements of each
pair is u; therefore the sum of all elements in Gn is 0. We use this (well known) fact
to settle the first part of the next result.
Proposition 3. Neither G3 nor G4 is sequentially ternary.
Proof. Let
(
ai : i = 1, . . . , 7
)
be a permutation of F3. Since a1 + a2 + · · ·+ a7 = 0
either a1+a2+a3 or a5+a6+a7 is nonzero; therefore this permutation is not ternary.
Next, suppose that
(
ai : i = 1, . . . , 15
)
is a ternary permutation of F4. Let H
be the subgroup of G4 which is generated by {a2, a3, a4}. Obviously, a1, a5 ∈ H .
Let us find the other two nonzero elements in H . Noting that if K is a subgroup of
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for each i ∈ {7, 9, 11, 13}, the fact that {0, ai, ai+1, ai+2} is a subgroup implies that
H ∩ {ai, ai+1, ai+2} 6= ∅; from this, we find that a9, a13 ∈ H . Thus {0, a1, a2, a3,
a4, a5, a9, a13} is a subgroup; by symmetry, {0, a15, a14, a13, a12, a11, a7, a3} is also
a subgroup. The cardinality of the intersection of these two subgroups is 3—a
contradiction. 
Remark 4. In Figure 2, a sequence of 63 terms is displayed; each term has an
element of F6 and its value in decimal form. It can be verified that the strings of
this sequence form a ternary permutation of F6.
Now combining the information we have from Propositions 1 and 3 and Remarks 2
and 4, we get the following.
Theorem. For any integer n > 2, Gn is sequentially ternary if and only if n is
neither 3 nor 4.
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